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We start with a uniform hollow cylinder which is filled with a liquid of
uniform density. The liquid is then allowed to flow out freely. The goal of
this paper is to model how the centre of mass of the cylinder changes with
the level of water in the cylinder. Since we care only about the level of water
and not its dependence on time, we are not concerned with the rate of flow
of liquid. However, this model can be expanded upon to introduce a time
dependence. An example of this exercise would be a cylindrical bottle from
which water is being emptied.

Our first order of business is to build a mental image of the model we
are trying to create. Our initial condition is when the bottle is full. At
this point, the centre of mass will be at the midpoint of the cylinder. Our
final condition is when the bottle is empty. At this point, the centre of mass
will also be at the midpoint of the cylinder. In between, what happens?
Intuitively, as the liquid flows out of the cylinder, we expect the centre of
mass to shift downwards (since the density of the liquid is greater than that
of air). However, there will come a point when the centre of mass begins
to shift back upwards. Our secondary goal is to find the point at which the
centre of mass is at its lowest.

All that is needed to analyse this problem is basic knowledge of the centre
of mass and algebra.




























Figure 1: A cylinder of height H and radius r with liquid of height z.
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We shall now begin our analysis of the problem. We start by fixing the
notation of our variables:
H : Height of cylinder.
r : Radius of cylinder.
z : Height of liquid in cylinder (which is our independent variable).
Z : Height of centre of mass of the cylinder (which is our dependent vari-
able).
ρ : density of the cylinder, taking the density of the liquid to be unity.

From Figure 1, we observe that our cylinder1 is effectively two cylinders
joined together each which is uniformly dense (in a sense) and each whose
centre of mass is at their respective midpoints. Let us write out the equations
for each of the two cylinders:

For the lower cylinder with the liquid: Z1 =
z

2

For the upper cylinder without the liquid: Z2 =
H + z

2

For Z2, it would actually be
H − z

2
. However, we need to adjust the value

by adding z.

Now, it is only a matter of finding the centre of mass of the centres of mass.

Z =
M1Z1 +M2Z2

M1 +M2

What are our M1 and M2?
M1 = 2ρπrz + πr2z
M2 = 2ρπr(H − z)
On simplifying the problem, we get:

Z =
1

2

(
rz2 + 2ρH2

rz + 2ρH

)

The above result looks highly elegant and was derived from very fundamental
ideas.

1We have taken only the curved surface area of the cylindrical bottle into consideration.
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Of course, we would like to verify our model. In this paper, we shall not
verify it experimentally. We shall use MATLAB to verify our model.
We first examine Z for a minimum:

dZ

dz
=

1

2

r(rz2 + 4ρHz − 2ρH2)

(rz + 2ρH)2

We find two inflection points. However, we are only concerned with the
positive one since our problem is in the positive z-axis. From our mental
image, we also know that this inflection point is logically also the minimum
that we seek out. Therefore,

zmin =

√
2H
√
ρr + 2ρ2 − 2ρH

r

Substituting zmin into Z, we get Zmin = zmin. One can evaluate it them-
selves if they are not convinced. This result is too good to be a coincidence.
Let us try to understand why this also intuitively makes sense. We go back
to building a mental image of the problem. Imagine the liquid draining out of
the cylinder. The centre of mass begins to shift towards the bottom. There
comes a point when the mass of the ”lower cylinder”, i.e., the liquid plus
surrounding cylinder and the mass of the ”upper cylinder”, i.e., the cylinder
with no liquid, are equal. At this point, the centre of mass of the system lies
at the centre of the interface of the two ”cylinders” which is at the height
of the liquid. Raise or lower the height of the liquid, and the centre of mass
shifts upwards.

Let us now consider a cylinder with the following properties:
H = 2
r = 1
ρ = 0.25

Evaluating, we get, zmin = 0.73205.
Further evaluating Z at z = zmin, we get, Zmin = 0.73205. This fits with the
result Zmin = zmin.
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Onto the verification of the model. We write out a function in MATLAB
which plots the graph of Z vs. z and also returns the function minimum. The
function has not been included here. However, it is quite simple to write and
involves basic knowledge of MATLAB and some of its in-built functionality.
We evaluate our function for a cylinder with the same properties as previ-
ously. Our plot seems consistent with what we expect, i.e., when z = 0 and

Figure 2: Z vs. z

z = H, the centre of mass is at the midpoint and as z ranges from 0 to H,
it first decreases and then increases.
We also get back our values: zmin = 0.7321 and Zmin = 0.7321 which agree
with what we predicted. Although not experimentally verified, this appears
to be an accurate model of our problem.
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